Abstract. In this paper we describe the metastable behavior of solutions to a class of parabolic systems. In particular, we improve some results contained in [9] by using different techniques to describe the slow motion of the internal layers. Numerical simulations illustrate the results.
Introduction
The slow motion of internal interfaces has been widely studied for a large class of evolutive PDEs. Such phenomenon is known as metastability. The qualitative features of a metastable dynamics are the following: through a transient process, a pattern of internal layers is formed from initial data over a O(1) time interval. However, once this pattern is formed, the subsequent motion of the internal layers is exponentially slow, converging to their asymptotic limit. As a consequence, two different time scales emerge: for short times, the solution are close to some non-stationary state; subsequently, they drifts towards the equilibrium solution with a speed rate that is exponentially small.
Many fundamental partial differential equations, concerning different areas, exhibit such behavior. Slow motion of internal layers appears in the study of viscous scalar conservation laws, studied, for example, in [7, 8, 9, 13 ]. These equations emerge in different fields of the fluid mechanics, and they are used as simplified models to study, for example, the gas dynamics and the traffic flow. The metastable dynamics of interfaces arises also in the study of the so called generalized Burgers equation, describing the dynamics of an upwardly propagating flame-front in a vertical channel (see [2, 15, 17] ). Another area where the phenomenon of slow motion on internal interfaces appears is the one of phase transition problems, described by the Allen-Cahn and Cahn-Hilliard equation, with the fundamental contributions [1, 3, 4, 12] . Two more recent contributions are the references [10, 16] . Depending on the assumptions, these equations describe different models in mathematics and physics; they find applications in neurophysics, biophysics, population genetics, and, especially, in the process of phase separation of fluids and/or metals. Finally, we quote here the area of relaxation schemes [5, 14] , extensively used to approximate systems by a nearby problem that resemble the original system with a small dissipative correction, and that is easier to solve.
The study of slow motion for parabolic equations dates back the work of Kreiss and Kreiss [6] ; here the authors concern with a viscous scalar conservation law in a bounded domain of the real line, proving that the eigenvalues of the linearized operator around the (unique) steady state of the equation have the following distribution
This precise decomposition of the spectrum translates into a slow motion for the solutions of the equation, since, for large times, their dynamics is described by terms of order e λ ε 1 t .
Starting from [6] , there are a number of papers that deal with the slow dynamics of solution to different partial differential equations. The techniques used are very different, depending on the equations under consideration, but usually the common aim is to find an equation for the position of the layers describing their slow dynamics.
One recent contribution is the reference [9] , where the authors develop a general technique to describe the slow motion of internal layers for a general class of parabolic systems. In particular, by linearizing the original system around an "approximate manifold" of stationary solutions, they end up with a couple system for the position of the layer, named ξ, and the perturbation v, defined as the difference between the solution and an element of the manifold. They subsequent describe the slow dynamics of the solutions for the approximating system (see, [9, Theorem 2.1]) for the couple (ξ, v), where the higher order terms are canceled out; indeed, handling with the complete system brings into the analysis also the specific form of the nonlinear terms in v. For example, in the case of viscous conservation laws, this means the appearance of a first order space derivative, and a rigorous result needs an additional bound (namely, a bound for the H 1 norm of the solution instead that for the L 2 norm). The key point of their approach is a spectral analysis of the linearized operator L ε ξ , arising from the linearization of the original system. In this paper we obtain some new results describing the metastable behavior of a class of parabolic systems.
Firstly, we obtain a new result concerning the analysis of the so called "quasi-linearized" system for the couple (ξ, v), already studied in [9, Theorem 2.1]. In particular, by using a different approach based on the theory of stable families of generators, we prove a slightly different estimate for the perturbation v that still states that v has a very fast decay in time, up to a reminder that is small in ε, as already pointed out in [9] . Thanks to this new strategy, we are able to remove one of the hypotheses stated in [9, Theorem 2.1] and concerning the convergence of the series of the eigenfunctions of the linearized operator L ε ξ .
In the last part of the paper, we state and prove a new result describing the behavior of the solutions to the complete system for (ξ, v), where also the nonlinear terms in v are taken into account. In particular, in the case of systems of conservation laws, we obtain a bound for the H 1 −norm of the perturbation v that will be used to decoupled the system, in order to obtain a precise estimate for the size of the parameter ξ, describing the slow motion of solutions. Obviously, this makes the theory much more complete with respect to [9] , since we are able to provide an estimate for the solution to the complete system, that suites the behavior of the solutions to the original system. Precisely, we will show that the perturbation v can be decomposed as v = z + R, where
for δ ∈ (0, 1). Hence, as in the "quasi linear" case, v has a very fast decay in time up to a reminder that is small in ε, since it behaves like ε δ .
General Framework
Given a bounded interval I = [a, b] ⊂ R, we consider the Cauchy problem (2.1)
where the unknown
is an ordinary one dimensional differential operator that depends singularly on the parameter ε, meaning that F 0 is of lower order. System (2.1) is to be considered for x ∈ [a, b], and it is complemented with appropriate boundary conditions. To fix the ideas, we can think about systems of conservation laws, or reaction-diffusion type systems. In these cases, the solutions to (2.1) exhibit a metastable behavior; precisely, starting from an initial datum located far from the stable steady steady to (2.1), i.e. a solution to F ε [u] = 0, we expect the solution to develop into a layered function in a time interval of order 1, before converging to its asymptotic limit in a exponentially long time interval (see Fig. 1 and Fig. 2 ).
In order to describe the dynamics of solutions to (2.1) after the formation of the shock, we follow the strategy firstly developed in [9] . We summarize the essential steps in order to introduce the objects that will be used in the following.
Given a one-dimensional interval J, let {U ε (·; ξ) : ξ ∈ J} be a one-parameter family of approximate stationary solutions to (2.1) in the sense that the nonlinear term F ε [U ε (·; ξ)] tends to 0 as ε → 0 (we will specify this assumption in details later on).
Next, we decompose the solution to the initial value problem (2.1) as
Denoting by ϕ ε k = ϕ ε k (·; ξ) and ψ ε k = ψ ε k (·; ξ) the eigenfunctions of L ε ξ and of its adjoint respectively, and setting
Such a constraint is a consequence of the fact that, as we will see in the following, the first eigenvalue of the linearized operator L ε ξ is small in the vanishing viscosity limit, i.e. ε → 0. Hence, we set an algebraic condition ensuring orthogonality between ψ ε 1 and v, in order to Starting from a decreasing initial datum, a shock layer is formed in a short time scale; one such a layer appears, it starts to converge towards its asymptotic configuration, corresponding to an hyperbolic tangent centered in zero, and this motion is extremely slow.
remove the singular part of the operator L ε ξ . Precisely, by imposing the first component of the perturbation v 1 to be zero, we solve the equation in a subspace in which the operator doesn't vanish. From (2.3) and using equation (2.2) , in the regime of small v, we obtain a nonlinear scalar differential equation for the variable ξ, describing the reduced dynamics along the approximate manifold, that is
where
Furthermore, using (2.4), equation (2.2) can be rewritten as (2.5) the only possible stable equilibrium solutions of (1.1) are constant in space, and are minimizers of the energy functional
Thus, for large t , typical solutions will be approximately constant in space. However, for E small the time taken to reach these patternless asymptotic states can be extremely long. Suppose for simplicity that + 1 are the only local minima of F and that u(x,O) is as shown in [12] for rigorous results.) It turns out that having reached this state, the solution changes extremely slowly, the time scale being proportional to exp{ C E -~} , where C is order one. The aim of this paper is to give rigorous results on the existence and persistence of these metastable states. In particular, we wish to estimate the lifetime T of such solutions and to predict the positions of the transition layers h , ( t ) for t c T.
One possible reason for this behavior is that the solutions are close to a stationary state which is unstable. If u is a stationary so1ution,E2uxx -f( u ) = 0. where
3. Estimates for the solution to the " quasi linearized " system Summarizing, the couple (v, ξ) solves the differential system (2.4)-(2.5) with initial conditions given by
Neglecting the o(v) order terms, we obtain the "quasi-linearized" system
)v, and our aim is to describe the behavior of the solution to (3.1) in the regime of small ε. This system is obtained by linearizing with respect to v, and by keeping the nonlinear dependence on ξ, in order to trace the evolution of the layers far out from their equilibrium configuration.
In [9] it has been proven that the solution v to (3.1) can be decomposed as the sum of two functions, that is v = z + R, where z is a function with a very fast decay in time, and the remainder R can be bounded by a term that is small in ε (for more details, see [9, theorem 2.1]). The aim of this Section is to state a slightly different estimate for the perturbation v, and to present a new proof to obtain this optimal bound.
Before state our result, let us introduce the hypotheses we need.
H1. The family {U ε (·, ξ)} is such that there exists smooth functions Ω ε (ξ) such that
with Ω ε converging to zero as ε → 0, uniformly with respect to ξ ∈ J. Moreover, we require that there exists a valueξ ∈ J such that the element U ε (x;ξ) corresponds to an exact steady state for the original equation.
H2. The eigenvalues {λ ε k (ξ)} k∈N of the linearized operator L ε ξ are such that the first eigenvalue is real, negative, and
for some constants c 1 , c 2 > 0 independent on k ∈ N, ε > 0 and ξ ∈ J.
H3. There exists a constant C > 0 such that
H4. Concerning the solution z to the linear problem ∂ t z = L ε ξ z, we require that there exists ν ε > 0 such that for all ξ ∈ J, there exist a constantC such that
The constantC could depend on ξ. In this specific case, since ξ belongs to a bounded interval of the real line, if we suppose that ξ → C ξ(t) is a continuous function, then there exists a maximum of C ξ in J, namelyC.
Theorem 3.2. Let hypotheses H1-2-3-4 be satisfied. Then, for ε sufficiently small, the solution v to (3.1) satisfies
The proof of Theorem 3.2 we present here is based on the theory of stable families of generators, firstly developed by Pazy in [11] ; it is a generalization of the theory of semigroups for evolution systems of the form ∂ t u = Lu, when the linear operator L depends on time.
Hence, we will first summarize the tools we need to use. Let us consider the initial value problem 
for λ > ω and for every finite sequence
is the infinitesimal generator of a C 0 semigroup S t (s), s ≥ 0 satisfying S t (s) ≤ e ωs , then the family {A(t)} t∈[0,T ] is clearly stable with constants M = 1 and ω. Precisely, if the operator A(t) generates a C 0 semigroup S t (s) for every fixed t ∈ [0, T ], and we can find an estimate for S t (s) that is independent of t, then the whole family {A(t)} t∈[0,T ] is stable in the sense of Definition 3.3.
Theorem 3.5. Let {A(t)} t∈[0,T ] be a stable family of infinitesimal generators of C 0 semigroups on X. If D(A(t)) = D is independent on t and for u 0 ∈ D, A(t)u 0 is continuously differentiable in X, then there exists a unique evolution system U (t, s), 0 ≤ s ≤ t ≤ T , satisfying
Morevoer, if f ∈ C([s, T ], X), then, for every u 0 ∈ X, the initial value problem (3.3) has a unique solution given by
Proof of Theorem 3.2. First of all, let us notice that M ε ξ is a bounded operator that satisfies the estimate
while the term H ε (ξ) is such that
For some positive constants c 1 and c 2 . Next, we want to show that L ε ξ + M ε ξ is the infinitesimal generator of a C 0 semigroup T ξ (t, s). To this aim, concerning the eigenvalues of the linear operator L ε ξ , we know that λ ε 1 (ξ) is negative and goes to zero as ε → 0, for all ξ ∈ J. Hence, defining Λ ε 1 := sup ξ λ ε 1 (ξ), we have λ ε k ≤ −|Λ ε 1 | < 0, for all k ≥ 1. By using Definition 3.3 and the following remark, we know that, for t ∈ [0, T ], L ε ξ(t) is the infinitesimal generator of a C 0 semigroup S ξ(t) (s), s > 0. Furthermore, since H4 holds, we get S ξ(t) (s) ≤Ce −|Λ ε 1 |s , and this estimate is independent on t, so that the family {L ε ξ(t) } ξ(t)∈J is stable with stability constants M =C and
Theorem 3.4 states that the family {L ε ξ(t) + M ε ξ(t) } ξ(t)∈J is stable with M =C and ω = −|Λ ε 1 | + C|Ω ε | L ∞ . In particular, ω is negative since H3 holds. Going further, in order to apply Theorem 3.5, we need to check that the domain of L ε ξ + M ε ξ does not depend on time; this is true since L ε ξ + M ε ξ depends on time through the function U ε (x; ξ(t)), that does not appear in the higher order terms of the operator. More precisely, the principal part of the operator does not depend on ξ(t).
Hence, we can define T ξ (t, s) as the evolution system of
Moreover, there holds
Finally, from the representation formula (3.8) with s = 0, it follows
so that, by using (3.7), we end up with
and the proof is completed. 
and concerning the convergence of the series of the eigenfunctions and their derivatives with respect to ξ. Since, at a first step, the approximate system gives a good qualitative picture of the behaviour of the solution, this is a major improvement, since this hypothesis is not easy to check in specific situations. Also, we end up with an estimate for the perturbation v that, as in [9] , states that the function v can be decomposed as the sum of a function z such that |z| L 2 ≤ |v 0 | L 2 e −µ ε t , plus a remainder that can be bounded by |Ω ε | L ∞ .
Estimate (3.10) can be used to decouple the system (3.1) in order to obtain an equation of motion for the parameter ξ(t). Indeed, we can state and prove the following consequence of Theorem 3.2.
Corollary 3.7. Let the hypothesis of Theorem 3.2 be satisfied. Let us also assume that
Then, for ε and |v 0 | L 2 sufficiently small, the solution ξ(t) converges exponentially toξ as t → +∞.
Proof. Since (3.10) holds, we get
so that, for ε and |v 0 | L 2 sufficiently small,
. By a method of separation of variables, and since θ ε (ξ) ∼ θ ε (ξ)(ξ −ξ), we end up with
where β ε > 0 goes to zero as ε → 0, andξ corresponds to the asymptotic location for the parameter ξ (we recall that U ε (x,ξ) is an exact steady state for the system).
In particular, the motion of the solution towards its asymptotic configuration is much slower as ε becomes smaller, since the speed rate of convergence is given by β ε . For example, in the case of a single scalar conservation law and for the Allen-Cahn equation, both µ ε and β ε behave like e −1/ε (see [9] and [16] respectively), and the convergence of the interfaces towards their equilibrium configuration is indeed exponentially slow.
Applications to a viscous scalar conservation law and to a relaxation system
Our aim in this section is to show how the general approach just presented applies to some explicit examples. In particular, we show that the hypotheses H1-H4 of Theorem 3.2 can be explicitly checked.
Scalar conservation laws.
We consider the case of the scalar viscous Burgers equation, that is (4.1)
with initial and boundary conditions given by
x ∈ I, and u(± , t) = ∓u * t > 0.
for some u * > 0. The first step is the construction of the family of approximate steady states {U ε (x; ξ)}; we consider a function obtained by matching two different steady states satisfying, respectively, the left and the right boundary condition together with the request U ε (ξ) = 0; in formulas,
where κ ± are chosen so that the boundary conditions are satisfied. By direct substitution we obtain the identity
in the sense of distributions, where δ x=ξ the usual Dirac's delta distribution centered in x = ξ. Going further, by differentiation, we have
It is possible to obtain an asymptotic description of the values κ ± (for more details, see [9, Section 3] ), that gives the asymptotic representation
x=ξ is null at ξ = 0 and exponentially small for ε → 0. In particular, U ε (·, ξ) is a stationary solution to (4.1) if and only if ξ = 0, corresponding to the location of the unique steady state. Finally, gathering (4.3) and (4.4), we have
showing that hypothesis H1 is satisfied for the viscous Burgers equation. Next step is to perform a spectral analysis for the linearized operator arising from the linearization of (4.1) around U ε (x; ξ). In this specific case, L ε ξ takes the form L ε ξ v := ε∂
Recalling the spectral analysis performed in [9, Section 4], we obtain the following asymptotic expression for the first eigenvalue of the linearized operator
to be compared with the expression for Ω ε , so that
This formula shows that hypothesis H3 is verified for Burgers type equations. Concerning the eigenvalues greater or equal to the second, there holds (see [9, Corollary
showing that the spectral distribution required in hypothesis H2 is in this case satisfied. Finally, hypothesis H4 is a direct consequence of the negativity of the first eigenvalue.
The rigorous results are also validated numerically; the following table shows a numerical computation for the location of the shock layer for different values of the parameter ε. The initial datum is the nondecreasing function u 0 (x) = , and complemented with Dirichlet boundary conditions u(±1) = ∓1. In this case, as already stressed, the single stable steady state is given by the hyperbolic tangent centered in zero U ε (x; 0) = −κ tanh κx 2ε , where κ = κ(ε, u ± ). We can see that the convergence towardsξ = 0 is slower as ε becomes smaller. Figure 3 shows the dynamics of the shock layer, obtained numerically. When ε = 0.1, the shock layer location converges to zero very fast: as we can also see from the table, when t = 5 * 10 3 , the value of ξ(t) is already very close to zero, corresponding to its equilibrium. On the other hand, when ε becomes smaller the shock layer location moves slower and it approaches the equilibrium location only for very large t.
4.2.
The hyperbolic-parabolic Jin-Xin system. We consider the initial-boundary value problem for the quasilinear Jin-Xin system in the bounded interval I = [− , ] with Dirichlet boundary conditions, that is (4.5)
x ∈ I, t ≥ 0,
for some ε, , a > 0, and u ± ∈ R. To simplify the computations, we consider the specific case of the quadratic flux function f (u) = u 2 /2, and a = 1.
The Jin-Xin model was firstly introduced in [5] as a numerical scheme approximating the solutions of the hyperbolic conservation law ∂ t u + ∂ x f (u) = 0. In particular, the study of stationary solutions to (4.5) is exactly the same of that of the scalar conservation law (4.1), together with the additional condition ∂ x v = 0.
Hence, in order to build up the family of approximate steady states {U ε (·, ξ)} = {(U ε , V ε )(·, ξ)}, we proceed as follows: stationary solution to (4.5) satisfies
with boundary conditions u(± ) = ∓u * , for some u * > 0. Hence, the family U ε can be constructed as in the previous section, via de formula (4.2). Moreover, by the condition v = c 2 2 , we have
In order to obtain an asymptotic expression for the term
From the explicit formula for U ε (x; ξ) given in (4.2), and since −∂ x V ε = ε∂ 2 x U ε − U ε ∂ x U ε , by direct substitution we obtain the identity
Recalling the definition of Ω ε we have
showing that hypothesis H1 is satisfied in the case of the Jiin-Xin system. For more details on the computations, see [14, Example 2.2] .
Concerning the spectral analysis, we will makes use of the analogies between this problem and the viscous scalar conservation law (4.1). By linearizing the system (4.5) around {(U ε , V ε )}, the eigenvalue problem for the linearized operator L ε ξ reads  
By differentiating the second equation with respect to x, we obtain
Hence, λ is an eigenvalue for L ε ξ if and only if λ vsc := λ(1 + ελ) is an eigenvalue for the operator L ε,vsc defined as
Thus, by using the spectral analysis performed in section 4.1 for the linear operator L ε,vsc , one can prove the following result (for more details, see [14, Proposition 3.4] ); for the first eigenvalue of the linearized operator L ε ξ there holds λ JX 1 (ξ) negative for all ξ and (4.6) |λ
.
Moreover, all the other eigenvalues are bounded away from zero and such that
Thanks to these results, and by comparing (4.6) with the expression obtained for Ω ε , we can easily check that hypotheses H2-3-4 are satisfied for the Jin-Xin system. Again, we can give evidence of the rigorous theory by numerically compute the solution to (4.5): Figure 4 shows that a shock layer is formed from initial data in a O(1) time scale. Once this interface is formed, it moves towards the equilibrium solution, and this motion is exponentially slow. Concerning the function v, starting with the initial datum v 0 (x) = f (u 0 (x)), we can observe that the position of the shock of u corresponds to the location of the minimum value of the function v. Figure 4 . Profiles of (u, v), solutions to (4.5), with f (u) = u 2 /2, a =1 ε = 0.04 and u ± = ∓1. The initial datum is given by the couple (u 0 (x), f (u 0 (x))), with u 0 (x) a decreasing function connecting u + and u − .
The following table shows a numerical computation for the location of the shock layer (corresponding to the zero value of the function u) for different values of the parameter ε. The convergence towards the equilibrium is slower as ε becomes smaller; for example, when ε = 0.02, the interface is almost still.
The numerical location of the shock layer ξ(t) for different values of the parameter ε TIME t ξ(t), ε = 0.1 ξ(t), ε = 0.07 ξ(t), ε = 0.055 ξ(t), ε = 0.04 ξ(t) Remark 4.1. The approach presented in the previous sections is a general approach that can be used for a broad class of parabolic system, providing to be able to perform a spectral analysis of the equation under consideration. In principle, this analysis may be done also numerically. We quote the papers [15, 16] , where the Burgers-Sivashinsky and the Allen-Cahn equations are studied by using this technique, with the appropriate changes due to the specific form of the equations under consideration.
Nonlinear metastability for parabolic systems of conservation laws
The aim of this Section is to study the behavior of the solution (ξ, v) to the complete system 
where also the higher order terms arising from the linearization around v ∼ 0 are taken into account. As already stressed in the Introduction, dealing with the nonlinear terms in the perturbation v brings into the analysis the specific form of the quadratic terms: in some cases, like the one of parabolic systems of reaction-diffusion equations, these terms do not depend on the space derivatives of the solutions, and a result analogous to Theorem 3.2 can be proved without additional assumptions (see [16] ).
Differently, when a nonlinear first-order space derivative term is present, as is the case of viscous conservation laws, the quadratic term involves a dependence on the space derivative of the solution, and an additional bound for the H 1 −norm is needed.
Here we reduce our analysis to the specific case of systems of viscous scalar conservation laws; a straightforward computation shows that the nonlinear term Q ε [ξ, v] is given by Q ε := v∂ x v. Precisely, |Q ε | ≤ C|v| 2 H 1 , and this estimate can be used to prove the following result.
Theorem 5.1. Let us denote by (ξ, v) the solution to the initial-value problem (5.1) with ξ(0) = ξ 0 ∈ J and v(x, 0) = v 0 (x) ∈ H 1 (I),
